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COMPUTER-AIDED DESIGN OF SECOND 
AND THIRD-ORDER SYSTEMS WITH PARAMETER 

VARIATIONS AND TIME RESPONSE CONSTRAINTS 

Abstract--This r e p o r t  p re sen t s  a sys t ema t i c  design scheme f o r  second 

and th i rd-order  a l l  po le  system t r a n s f e r  func t ions .  The system 

performance s p e c i f i c a t i o n s  are given as i n e q u a l i t y  c o n s t r a i n t s  on 

rise t i m e  and overshoot of the s t e p  response i n  t h e  t i m e  domain. 

P l a n t  parameters are assumed t o  vary  between known l i m i t s .  

completed design i n s u r e s  t h a t  t h e  t i m e  domain c o n s t r a i n t s  are m e t  

A 

f o r  a l l  va lues  of t h e  p l a n t .  The m a x i m u m  va lues  of t h e  s p e c i f i c a -  

t i o n s  are assumed a t  some p l a n t  extreme when t h e  s t r u c t u r e  provides  

t h i s  freedom, r e s u l t i n g  i n  a design which i s  opt imal  i n  t h e  open- 

loop gain-bandwidth sense .  The second-order system i s  cha rac t e r i zed  

by the  usua l  n a t u r a l  frequency and damping f a c t o r .  The th i rd-order  

system i s  cha rac t e r i zed  by t h e  c o e f f i c i e n t s  of t h e  denominator 

polynomial of i t s  t r a n s f e r  func t ion ,  and t h e s e  c o e f f i c i e n t s  are 

r e l a t e d  t o  both the  t i m e  response and system parameters.  

procedures are reduced t o  numerical  a lgori thms t o  permit  d i g i t a l  

computer s o l u t i o n  of t h e  design problem, o r . g i v e  a s p e c i f i c  

The design 

i n d i c a t i o n  when such a s o l u t i o n  i s  no t  poss ib l e .  

d i g i t a l  computer implementation i s  given i n  t h e  appendix. 

A s u c c e s s f u l  
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CHAPTER I 
INTRODUCTION 

1.1 Problem Statement 

The purpose of this paper is to present the development of 

systematic methods for synthesizing second and third-order all 

pole closed-loop control system transfer functions. 

functions contain plant parameters that vary and are required to 

meet time domain specifications on the unit step response. The 

The transfer 

methods developed are primarily intended for implementation on a 

digital computer, but some insight is also provided for conventional 

design. A digital computer implementation is given in Appendix A. 

The system specifications are given as inequality constraints 

on rise time and overshoot of the unit step response in the time 

domain. 

arbitrary manner between known limits. 

variation is assumed to be slow when compared to system response 

time in order that time dependence of the parameters may be 

neglected, 

All plant parameters are permitted to vary in an 

The rate of parameter 

The final design causes the time response inequalities t o  be 

satisfied over the entire range of plant parameters and the 

specifications are met as equalities at extreme values of the 

plant. It is shown that the design results it; minimum values of 

feedback loop gain and bandwidth, thus minimizing the possibility 

of plant saturation due to high frequency noise effects, 

is not  possible to satisfy a given set of specifications with the 

If it 
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system s t r u c t u r e  under cons ide ra t ion  t h i s  information is  revea led  

i n  a s p e c i f i c  way so t h a t  a l t e r n a t i v e  s p e c i f i c a t i o n s  may be  chosen 

o r  t h e  s t r u c t u r e  abandoned. 

1 .2  His tory  of t h e  Problem 

Large p l a n t  parameter v a r i a t i o n s  occur  f requent ly  i n  f l i g h t  

c o n t r o l  and chemical process  c o n t r o l  design problems. 

One approach has  been t o  a t tempt  t o  cance l  t h e  e f f e c t  of 

parameter v a r i a t i o n s  using an adapt ive  compensation. 

work has  been done i n  t h e  f i e l d  of adapt ive  c o n t r o l s  and many 

examples are a v a i l a b l e  i n  t h e  cu r ren t  l i t e r a t u r e  (1). 

Considerable 

A second approach i s  t o  design a non-varying compensation 

to handle the  p l a n t  extremes and permit system response t o  be 

b e t t e r  than s p e c i f i e d  f o r  o t h e r  va lues  of t h e  p l a n t .  

and Olson (3)  have i n v e s t i g a t e d  t h i s  method wi th  s p e c i f i c a t i o n s  

given i n  t h e  s-plane (complex frequency plane)  using dominant pole  

Rolnik (2 )  

concepts.  Barber ( 4 )  has appl ied  t i m e  response s p e c i f i c a t i o n s  

d i r e c t l y  t o  t h e  problem, as they are appl ied  i n  t h i s  paper ,  by 

de f in ing  a coeff&hwb space from t h e  denominator c o e f f i c i e n t s  of 

t h e  th i rd-order  t r a n s f e r  func t ion  and transforming t h e  t i m e  response 

s p e c i f i c a t i o n s  i n t o  t h i s  space.  

so lv ing  t h e  th i rd-order  a l l  po le  problem. However, l i m i t a t i o n s  of 

H e  p re sen t s  a procedure f o r  

t he  system s t r u c t u r e  are no t  i n v e s t i g a t e d  and hence t h e  op t ima l i ty  

of t he  design may be  questioned. 

of c u t  and t r y  and is  very l abor ious ,  thus  motivat ing t h e  

a p p l i c a t i o n  of computer techniques t o  fol low below. The c o e f f i c i e n t  

The procedure remains a method 
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space i s  convenient because once t h e  t i m e  domain s p e c i f i c a t i o n s  

are transformed i n t o  i t  they apply t o  a l l  system s t r u c t u r e s  

r e s u l t i n g  i n  th i rd-order  a l l  p o l e  system t r a n s f e r  func t ions .  

1.3 Method of Approach 

The second-order system i s  considered i n  terms of t h e  f a m i l i a r  

n a t u r a l  frequency and damping f a c t o r .  These v a r i a b l e s  are q u i t e  

t r a c t a b l e  i n  t h e  t i m e  and frequency domains and can be expressed 

i n  terms of p l a n t  parameters .  The t i m e  domain s p e c i f i c a t i o n s  

and p l a n t  parameter v a r i a t i o n s  are then r e l a t e d  through the  above 

v a r i a b l e s .  

The approach used f o r  t h e  th i rd-order  system is  through the  

c o e f f i c i e n t  space of Barber ( 4 ) .  

formation of t i m e  response s p e c i f i c a t i o n s  i n t o  t h i s  space.  

S imi l a r ly ,  p l a n t  parameters are viewed i n  c o e f f i c i e n t  space.  By 

s tudying t h e  r e l a t i o n s  between parameter v a r i a t i o n s  and t i m e  

response s p e c i f i c a t i o n s  s u f f i c i e n t  knowledge is obtained t o  develop 

sys temat ic  i terative procedures us ing  g rad ien t  techniques t o  

accomplish the  design.  

A s tudy i s  made of t h e  trans- 

1 . 4  T ime  Response Def in i t i ons  

Shown i n  Fig.  1.1 is  a t y p i c a l  u n i t  s t e p  response of a second 

o r  th i rd-order  system. R i s e  t i m e ,  tr, and overshoot,  OV, are as 

def ined  by t h i s  f i g u r e  and t h e  fol lowing equat ions:  

i 
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These definitions are adhered to throughout the paper. 

Fig, 1.1 Definition of time response specification. 
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CHAPTER I1 

SECOND-ORDER SYSTEM DESIGN 

2 . 1  System S t r u c t u r e  

The system s t r u c t u r e  under cons ide ra t ion  i s  t h a t  of Fig.  2.1. 

From t h e  f i g u r e  t h e  open-loop t ransmission,  def ined i n  t h e  usua l  

way (51, i s  

L ( s )  = P(s)H(s)  (2  1 )  

and t h e  r e s u l t i n g  systems t r a n s f e r  func t ion  becomes 

The p l a n t  i s  represented by 

k 
p(s) = s(s  + p) 

where both k and p are assumed t o  vary between some known l i m i t s .  

Given a set of t i m e  domain s p e c i f i c a t i o n s  on t h e  u n i t  s t e p  

response of t h i s  system, i t  may be  p o s s i b l e  t o  achieve t h e  des i r ed  

performance wi th  t h e  compensation H ( s )  c o n s i s t i n g  of a pure gain.  

I f  t h i s  i s  p o s s i b l e ,  a second-order system t r a n s f e r  func t ion  

r e s u l t s  and may be  t h e  most d e s i r a b l e  design under t h e  given 4 

cond i t ions .  Hence a method is  sought t o  determine i f  a given set 

of t i m e  response s p e c i f i c a t i o n s  are achievable ,  and i f  so, a 

reasonably e f f i c i e n t  numercial procedure f o r  determining t h e  

minimum va lue  of H ( s )  = K t h a t  w i l l  cause t h e  t i m e  domain con- 

s t r a i n t s  t o  always be s a t i s f i e d .  

d 
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Fig. 2.1 Second-order system structure. 

Relation of Plant Parameters and Time Response 

With the compensation assumed to be a pure gain, i.e., 

= K ,  substitution into (2.2) gives the system transfer function 

Kk 
T(s) = s z  + ps + Kk ’ 

w2 
T(s) = s2  + 25ws + w2 (2.5) 

In the present notation the complex frequency variable is denoted 

by 

w are related to the plant and compensation by equating co- 

efficients in (2.4) and (2.5). 

s = 0 + jn. The familiar damping factor 5 and natural frequency 

(2.6a) 

(2.6b) 

Multiplying (2.5) by l/s, the Laplace transform of the unit step, 

and taking the inverse transform gives the time response as 
e-- -.--. 

c(t) = 1 - *) k o s  b m t  - Tan:*A ; < < 1 (2.7a) 

d 
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= 1 - exp(-ut)  ( U t  + 1) ; 5 = 1 ( 2 . 7 ~ )  

Taking t h e  f i r s t  t i m e  d e r i v a t i v e  of c ( t )  f o r  t h e  case < < 1 and 

equat ing  t o  zero ,  t h e  smallest p o s i t i v e  va lue  of t f o r  which c ’ ( t )  

c ’ ( t >  = 0 is  obta ined .  

s u b s t i t u t i n g  back i n t o  (2.7a) r e s u l t s  i n  t h e  second-order system 

overshoot.  

Denoting t h i s  va lue  by t ,  and 

Note t h a t  overshoot is  independent of w as should be expected 

s€ace w does no t  appear i n  t h e  amplitude o r  phase angle  of c ( t > .  

Severa l  va lues  of overshoot as a func t ion  of < are shown on 

Fig.  2 .2 .  

To o b t a i n  rise t i m e  in format ion  f o r  Fig.  2 .2 ,  w i s  set  t o  

un i ty  and rise t i m e  computed f o r  s e v e r a l  va lues  of <. 
always occurs as the  product  i n  c ( t )  t h e  va lues  of tr obta ined  

may be taken i n s t e a d  as va lues  of w f o r  which tr = 1 f o r  

t h e  corresponding <. These va lues  are p l o t t e d  as t h e  curve of 

one second rise t i m e .  Again due t o  t h e  occurrence of t he  u t  

product only i n  c ( t ) ,  i f  w is m u l t i p l i e d  and t d iv ided  by t h e  

s a m e  cons t an t  c(Wt) i s  unchanged f o r  cons t an t  5 .  The remaining 

curves of Fig. 2.2 are p l o t t e d  i n  t h i s  manner and t h e  f i g u r e  

may be ad jus t ed  t o  any range of w and t 

process .  

Since u t  

d e s i r e d  by t h i s  s c a l i n g  r 

d 
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The t i m e  response s p e c i f i c a t i o n s  are 

ov I ovs - 10% ( 2 . 9 ~ )  
I 

&nd 

tr I trs 1 sec. (2.9d) 

The t i m e  domain s p e c i f i c a t i o n s  l i m i t  t h e  system t o  t h e  reg ion  R, 

on t h e  (w,c) plane  whose boundaries  are the heavy l i n e s  of Fig.2.4. 

Observe t h a t  overshoot is maximized when C i s  a t  i t s  minimum, 

i . e . ,  a t  po in t  A' i n  Fig .  2.3. From Eqs. ( 2 . 6 )  w e  g e t  

which i s  minimized when k = k,, and p = p l .  

Solving (2.8) f o r  c ,  

(2.10) 

(2.11) 

Combining (2.10) wi th  (2.11) and us ing  p1 , k, , and OV, , t h e  

maximum permiss ib le  va lue  of K ,  say  K 2 ,  is  obta ined  d i r e c t l y  as 

(2.12) 

The numerical  va lues  given r e s u l t  i n  K, = 20.7. 

R i s e  t i m e  i s  maximized a t  t h e  oppos i te  extreme of p l a n t  

parameters corresponding t o  po in t  D '  of Fig.  2.3. With K, now 

known, w and are computed a t  t h i s  p o i n t  as w = and 

Z, = p 2 / 2 m  . The numerical  example g ives  w ' =  4.55 and 

6 = 1.1. 

i t i e s ;  (1) t h e  corresponding rise t i m e  is  g r e a t e r  than  t h e  

s p e c i f i e d  maximum and t h e  des ign  can n o t  b e  achieved s i n c e  K is  

Locating t h i s  p o i n t  of Fig.  2.4 t h e r e  are two p o s s i b i l -  

d 
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Eqs. ( 2 . 6 )  map a r e c t a n g l e  from t h e  (p,k) plane i n t o  t h e  

region l$, on t h e  (w,Z;> plane as shown by Fig.  2.3. 

k 

k2 
.- 

k l  
-- 

A 

El 
C D 

Fig.  2 . 3  Mapping from p l a n t  parameter space t o  

frequency domain parameter space.  

The des i r ed  r e l a t i o n  between p l a n t  parameters and t i m e  domain 

s p e c i f i c a t i o n s  i s  e s t a b l i s h e d  by mapping both onto t h e  (w,Z;) 

plane 

2 . 3  Design Procedure 

Consider a design problem where t h e  p l a n t  parameter v a r i a t i o n s  

are given as 

and 

k, = 1 < k < 2 . 2 = k 2  . 

(2.9a) 

(2.9b) 
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a l ready  maximum, o r  (2) t h e  rise t i m e  i s  less than t h e  s p e c i f i e d  

” X I  I 

maximum, i n  which case t h e  design can be  accomplished wi th  a 

smaller gain.  

we read from Fig.  2.4 the  va lue  of w, a t  t h e  i n t e r s e c t i o n  of t h e  

To ob ta in  t h e  m i n i m u m  va lue  of ga in ,  ca l l  i t  K , ,  

curve <w = p,/2 and t h e  curve t r  = 1 . Using t h i s  va lue  and 

Eq. (2.6a),  t h e  minimum va lue  of ga in  is  obtained as 

Carrying out  t h e  numerical  example, 

maximum w i s  

K, = w:/k,. 

The new K, = (4.5)2 = 20.2. 

w = a = 6.66. 

The design i s  now complete wi th  a t r a n s f e r  func t ion  having w 

The maximum and < which l i e  i n  t h e  shaded region % of Fig.  2.4. 

rise t i m e  is  1 second and maximum overshoot is  9 . 4 % .  Only one 

poin t  can be f ixed  exac t ly  as t h e r e  is only one design parameter t o  

a d j u s t .  

can be used t o  good advantage by reducing t h e  open-loop gain- 

bandwidth i n  a third-order  s t r u c t u r e .  Note t h a t  with t h e  a i d  of 

It  w i l l  be shown later t h a t  t h e  overdesign on overshoot 

Fig.  2.2 t h e  method lends  i t s e l f  e a s i l y  t o  hand ca l cu la t ion .  

2.4 Numerical Techniques 

To f a c i l i t a t e  a computer s o l u t i o n  of t h e  above design problem 

w e  f irst  r’equire a numerical  method of so lv ing  f o r  rise t i m e ,  i.e., 

a method of so lv ing  

f o r  t r  when given 5 and 0. From Eqs. (2.7) i t  is  seen t h a t  (2.13) 

i s  a t ranscendenta l  equat ion  i n  t r ,  hence t h e  need of a numerical  

method. There are numerous methods f o r  so lv ing  equat ions of t h i s  

type,  most of which r e q u i r e  one o r  more i n i t i a l  guesses of t h e  

d 



13 

s o l u t i o n  and t h e i r  convergence is dependent on t h e  i n i t i a l  guesses 

being c lose  enough i n  some sense.  The method chosen here  is  known 

as the  method of f a l s e  p o s i t i o n  16). The only requirements f o r  

convergence of t h e  method of f a l s e  p o s i t i o n  are t h a t  t h e  func t ion  

be continuous and t h e  i n i t i a l  guesses ,  t, and t2 ,  be such t h a t  

The i n i t i a l  guesses are obtained by eva lua t ing  the  func t ion  a t  

The sequence (2.14) is  terminated when t h e  f i r s t  s i g n  change is  

observed i n  g. The i n i t i a l  guesses  are tl = m6t, and 

t2  = (m-1)6t. 

i t  i s  reasonable  t o  choose 6 t  p ropor t iona l  t o  

Considering t h e  damped s i n u s o i d a l  component of c ( t ) ,  

T = ~ I T / W ~  , t h e  

per iod of the  s inusoid .  Since t r  < T , t h i s  w i l l  cause m t o  be 

r e l a t i v e l y  s m a l l  and always less than T / b t  + 1. However, 6 t  must 

a l s o  be s m a l l  enough t o  avoid having two roo t s  i n  ( t l , t 2 ) .  

case when 5 2 1 a similar choice of 6 t  i s  made based on t h e  

For t h e  

l a r g e s t  t i m e  cons tan t  of t h e  func t ion .  

. 3  The method of s o l u t i o n  f o r  t he  minimum K t o  s a t i s f y  t h e  rise 

t i m e  s p e c i f i c a t i o n  is  der ived  as fol lows.  Although i t s  s p e c i f i c  

form is not  known, rise t i m e  has  some f u n c t i o n a l  r e l a t i o n  t o  ga in  

K ,  which can be  w r i t t e n ,  

t, f(K) . (2.15) 

L e t  KO (KO corresponds t o  K, of S e c t .  2.3)  be  an i n i t i a l  guess f o r  

K and Kn be  t h e  n t h  computed value.  Expand t r (K)  i n  its Taylor 

d 
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series representation about Kn neglecting all terms except the 

constant and linear term to get 

tr E f(Kn) + f'(Kn)(K - Kn) . (2.16) 

Putting in Ks, the solution we seek, and denoting tr(Ks) by trs, 

the specified rise time is approximated by 

trs f(Kn) + f'(Kn) (Ks - Kn) . (2.17) 

Also noting that trn = 

specifically f ' (Kn) and 
definition, 

f'(Kn1 = 

Here we approximate the 

f'(Q = 

f (Kn) , there are two unknowns in (2.17) , 

Ks. To get the derivative first note the 

(2.18) lim f(Kn + aK) - f(Kn) 
aK-+o aK 

derivative, using small aK, as 

(2.19) 

also let 

AKn Ks - Kn (2.20) 

1 

1 

Combining (2.19) and (2.20) in (2.17) gives the result, 

(2.21) 

Now the sequence 

= K, + AKn ; n = 0, 1, 2,****** (2.22) 

is computed. 

with a numerical approximation for the derivative. Study of 

Fig. 2.2 shows that f(K) is monotone decreasing and hence it can be 

This result is just the Newton-Raphson iteration c73, 

d 
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(2.23) 

This iteration procedure is carried out until K, is within the 

desired accuracy of K,, or alternatively, until trn is as close as 

desired to trs- 

The interpolation error present in Eq. (2.17) sometimes 

causes a negative K to be computed. 

evident from Fig. 2.5, which gives a graphical representation of 

(2.17). 

causes computing difficulties and in addition is meaningless in the 

present problem. 

which decreases K as called for by the interpolation, and will 

either (1) make K too small but positive, whereas, the normal 

The reason for this is 

Since &is required in the computation of W ,  this result 

The situation is avoided by using KA+, = Kn/2, 

interpolation will again increase it on the next iteration, or (2) 

K will become close enough to the solution value Ks that the 

improved approximation will generate positive K and the iterative 

process continues normally. 

tr(approximate) 

K 

Fig. 2.5 Illustration of rise time interpolation error 
from Eq. (2.17) 

d 



i 

CHAPTER I11 

TIME D O h I N  TO COEFFICIENT SPACE TRANSFORMATION 

3.1 Motivation of Approach 

For t h e  th i rd-order  system a c o e f f i c i e n t  space due t o  Barber 

{ 4 )  i s  used. The coord ina tes  of t h i s  three-space are t h e  co- 

e f f i c i e n t s  of t h e  denominator polynomial of t h e  th i rd-order  system 

t r a n s f e r  func t ion .  Conventional a n a l y s i s  and design g ives  us 

considerable  f e e l  f o r  t i m e  response behavior  i n  terms of frequency 

domain parameters such as n a t u r a l  frequency and damping f a c t o r .  

T i m e  response s p e c i f i c a t i o n s  w i l l  be mapped i n t o  t h e  c o e f f i c i e n t  

space and t h e  t ransformation between frequency domain parameters 

and c o e f f i c i e n t s  i n v e s t i g a t e d  i n  some d e t a i l  f o r  two reasons:  

(1) t o  develop some f e e l  f o r  t h e  t i m e  response i n  terms of co- 

e f f i c i e n t s ,  and (2) to f a c i l i t a t e  computer programming of t h e  

design scheme t h a t  evolves .  

c i e n t  space is  t h a t  i t s  r e l a t i o n s h i p  t o  t i m e  response is i n v a r i a n t  

The primary advantage of t h e  coe f f i -  

as t h e  system s t r u c t u r e  is  changed. When a system s t r u c t u r e  i s  

given,  t he  p l a n t  and compensation parameters are r e l a t e d  t o  t h e  

c o e f f i c i e n t s ,  and only t h i s  r e l a t i o n  changes i f  t h e  system s t r u c -  

t u r e  is  changed. 

being l i m i t e d  t o  systems which have th i rd-order  a l l  po le  t r a n s f e r  

The c o e f f i c i e n t  space has  t h e  disadvantage of 

func t ions .  

3.2 Transfer  Function and T i m e  Response 

The th i rd-order  system t r a n s f e r  func t ion  t o  considered i s  

d 
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h<w3 
T(s) = (s + A<u)(s2 + 2~WS 9 u2) 

( 3  1)  

Mult iplying by l / s  and tak ing  the  inve r se  Laplace t ransform 

of t h i s  equat ion g ives  t h e  fol lowing u n i t  s t e p  t i m e  response.  

( 2 4 )  cos ( w e t )  
AG2(h-2) + 1 

exp (-X<wt) 
c ( t )  = 1 - + exp(-<ut) XG2(X-2) + 1 

< = I  Xwtexp(-ut) . 
(A-1) ' h Z 1  (3.2b) 

( 3 . 2 ~ )  < = 1  
' X = l  

exp(-A<ut) + exp ( - ( c - @ Z > w t >  
XG2(h-2) - 1 2[<(h-2) (G2-1) + J<'-1(2c2-A<2-1) 1 = 1 +  

It can be v e r i f i e d  t h a t  both T(s)  and c ( t )  approach the  

expressions given i n  Chapter I1 f o r  t h e  second-order system as h 

becomes i n f i n i t e .  

3 .3  Frequency Domain t o  Coef f i c i en t  Space Transform and Its 

Inverse  

The c o e f f i c i e n t  space i s  def9;ned by r ewr i t i ng  t h e  t r a n s f e r  

func t ion  a s  

T(s) = s J  c as? i- 6s + y ' 

d 
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and equating to Eq.  (3.1). Hence the coefficients (a,B,y) are 

given by 

a = w<(X 4- 2) 

B = w2(2XC2 + 1) 
(3.4a) 

(3.4b) 

Y = W3AC . (3.4c) 

It is well known that the inverse Laplace transform of a 

rational function is unique, so given a set of coefficients, and 

that the input is a unit step, c(t) is well defined and unique. 

Further, it is clear from (3.4) that for a specific set of 

frequency domain parameters the coefficients (a,P,y> are unique. 

The inverse of this transformation, i.e., the transform from 

coefficients to frequency domain parameters, is defined implicitly 

(3.5a) 

(3.5b) 

(3.5c) 

Since it will be necessary to make this transformation on the 

computer, an investigation of its uniqueness follows and a 

systematic implementation of the transform is sought. A theorem 

of the calculus {SI,  restated here in the present context is used 

to investigate uniqueness. 

d 
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d e sc r ibe  a cont inuously d i f f e r e n t i a b l e  

t ransformation i n  a neighborhood S of 

e tc . ,  and l e t  

Then t h e r e  exists a neighborhood N of (ao,Bo,Yo) 

such t h a t  

f o r  every (a,P,y) i n  N ,  unique va lues  of 

(h ,S ,w)  can be found such t h a t  a = a(h ,< ,w) ,  

B = B(X,Z;,w),  and y = y(h,S,w) and these  

va lues  are given by a f u n c t i o n a l  r e l a t i o n  

of t h e  form h = F(a,@,y), < = G(a,B,y)’, 

w = H(a,B,y) . 
t h e  func t ions  F, G ,  and H are continous 

and have continuous p a r t i a l  d e r i v a t i v e s  

i n  S .  

The d i f f e r e n t i a b i l i t y  r equ i r ed  by ( a )  is  e a s i l y  v e r i f i e d  from ( 3 . 4 ) .  

Forming the  Jacobian of p a r t  (b) w e  g e t  

= 47;w5(h2r2 - : 

7;W w(A+2) <(h+2) 

2 w y  4w2Az; 2w(2ht;2+1) 

w 3 5  w 3 x  3w2hs; 

c 2  + 1)‘ . 
Requiring t h a t  G and w be nonzero and equat ing ( 3 . 6 )  t o  ze ro  g ives  

d 
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t he  r e s u l t  

’ “1 

i 
i 

i .3 

X = l i m .  (3.7) 

Therefore ,  t h e  t ransformation is unique except  when (3.7) i s  

s a t i s f i e d  f o r  real A. Thus i t  is seen t h a t  uniqueness holds  f o r  

a l l  5 < I, i . e . ,  when t h e  t r a n s f e r  func t ion  has  complex conjugate  

poles  

To perform t h e  a c t u a l  computation of (X$Z;,W), given ( a , @ , y ) ,  

w e  f i r s t  e l imina te  h and 5 from (3.4) ob ta in ing  

W6 - @W4 + ayw2 - y2 = 0 . ( 3 . 8 )  

Assuming temporar i ly  t h a t  t h i s  equat ion can be solved and 

the  proper r o o t  

follows : so lve  

W chosen, t h e  remaining parameters are obtained as 

(3.4a) f o r  <, s u b s t i t u t e  i n  ( 3 . 4 ~ )  and s impl i fy ing  

Then p u t t i n g  X from (3.9) i n t o  (3.4a) and so lv ing  €or  5, 

(3.10) 

E q s .  (3.8) t h r u  (3.10) w i l l  be used t o  implement t h e  des i r ed  

inve r se  t ransformation.  

An i n v e s t i g a t i o n  of t h e  roo t  l o c i  of (3.8) i s  u s e f u l  i n  

determining which w t o  select from t h i s  equat ion.  

x = u2, 

techniques,  (3.8) is r e w r i t t e n  

L e t t i n g  

and p u t t i n g  i n t o  t h e  s tandard form f;r roo t  locus 

- 0  . BX2 

x3 + ayx - y2 
1 -  (3.11) 
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TWO 

Fig.  3.1 Root l o c i  of x from Eq. (3.11) 

Applying the  usua l  r u l e s  f o r  cons t ruc t ing  r o o t  l o c i  (91, Fig.  3.1 

is  sketched showing t h e  p o s i t i v e  h a l f  of t h e  l o c i  of x f o r  several 

c1 and y with  f3 p o s i t i v e .  

for 13 -f 0 and f3 +-a t h e r e  i s  one real and p o s i t i v e  x and a com- 

From (3.11) i t  i s  e a s i l y  v e r i f i e d  t h a t  

p l ex  conjugate  p a i r .  For s u f f i c i e n t l y  l a r g e  Y, locus a,  t h e  

previous s ta tement  is t r u e  f o r  a l l  

t h e  real x is t h e  only p o s s i b l e  s e l e c t i o n  and i t s  p o s i t i v e  square 

B > 0 .  Hence f o r  t h i s  case  

roo t  is the  d e s i r e d  w. For smaller y ,  l ocus  b ,  t he re  are t h r e e  
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real  r o o t s  f o r  some range of 6. 

d i scuss ion  of uniqueness,  t h i s  must correspond t o  t h e  case where 

t; 2 1, 

immaterial which x is  s e l e c t e d .  This  correspondes t o  t h e  case 

when a l l  t h r e e  t r a n s f e r  func t ion  poles  are real and t h e  s e l e c t i o n  

of one x over  another  causes a corresponding change i n  A and 5 

t h r u  E q s .  (3.9 & 10) such t h a t  the r e s u l t i n g  t r a n s f e r  func t ion  

poles  are t h e  same r e g a r d l e s s  of which x is  used. Hence t h e  

However, from t h e  previous 

and s i n c e  t h e  t i m e  response is  known t o  be  unique i t  is  

des i r ed  method of accomplishing t h e  t ransformat ion  is t o  s o l v e  

(3.8) f o r  w2 

(3.9 & 10) t o  g e t  A and <. 
t ak ing  any real s o l u t i o n ,  and s u b s t i t u t e  i n  

It i s  i n s t r u c t i v e  t o  ob ta in  curves generated i n  c o e f f i c i e n t  

space by i n d i v i d u a l l y  holding t h e  frequency domain parameters 

cons tan t .  T o  ob ta in  curves of cons tan t  w w e  s u b s t i t u t e  A and 5 

of (3.9 6 10) r e s p e c t i v e l y  i n t o  (3.4b) and s impl i fy  t o  ge t  

B = -  y2 + q + w 2  . (3.12) 2 - w  

S e t t i n g  w t o  several va lues  genera tes  a family of parabolas  on t h e  

(y,P) plane and s t r a i g h t  lines on t h e  (a,B) plane .  

shown i n  Fig.  3 .3  and 3.4 r e spec t ive ly .  

(3.4) g ives  

These are 

El iminat ing 5 and w from 

( A  + + 2Aa2 
$ =  ax (A  4- 2 ) 2  ' (3.13) 

which permits  ske tch ing  of t h e  cons tan t  A curves  of Fig.  3.2 and 

3 .4 .  Eq. (3.13) has  a l i m i t i n g  case of interest .  A s  A -+ -la t h e  

' e  

equat ion reduces t o  

d 
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B L z  Y . (3.14) 

This i s  represented  by a s t r a i g h t  l i n e  i n  Fig.  3.3. Reca l l ing  

t h a t  t h i s  l i m i t  ccjrresponds t o  t h e  second-order system, we  can 

a s s o c i a t e  t h i s  s u r f a c e  i n  c o e f f i c i e n t  space wi th  t h e  second-order 

system. 

correspond t o  nega t ive  X which r e s u l t s  i n  an uns tab le  t r a n s f e r  

func t ion ,  

y w i l l  make t h e  t r a n s f e r  func t ion  uns tab le .  

Fur ther ,  po in t s  on t h e  (y,P) plane  below t h i s  l i n e  

Thus wi th  a and P cons tan t ,  a s u f f i c i e n t  i nc rease  i n  

The Coef f i c i en t ,  

y s  is d i r e c t l y  p ropor t iona l  t o  open-loop ga in  s o  t h i s  i s  j u s t  t h e  

i f e s t a t i o n  i n  c o e f f i c i e n t  space of t h e  w e l l  known f a c t  t h a t  a 

th i rd-order  system is uns tab le  f o r  s u f f i c i e n t l y  high gain.  

i t  is  important  t h a t  t h i s  be known and understood i n  t h e  computa- 

t i o n a l  techniques t o  come later. 

However, 

It is  not  convenient t o  s imultaneously e l imina te  X and w 

from ( 3 . 4 ) .  

( 3 . 4 b  & c) w e  g e t ,  a f t e r  some manipulation, 

In s t ead ,  so lv ing  ( 3 , 4 a )  f o r  w and s u b s t i t u t i n g  i n t o  

A 3  + 6A2 4- (12 - a3/yC2)X + 8 = 0 (3.15a) 

and 

(3.15b) 

I 

A roo t  locus i n v e s t i g a t i o n  of (3.16a) 

t h e  cubic  i n  W2 enables  determinat ion 

locus form (3.15a) is  

d 

similar eo t h a t  used f o r  

of t h e  des i r ed  A.  I n  roo t  

(3.16) 



24 

e i 

The loci are shown in Fig. 3.2 with 01 and 5 at some constant 

value and arrows indicating increasing y. 

Fig. 3.2 Root loci of Eq. (3.16). 

The curves of constants < of Fig. 3 . 3  and 3 . 4  are obtained by 

extracting values of A from (3.15a) and putting these values 

in (3.15b) to obtain B. Note that curves for different values of 

constant h cross in the region where < > 1 showing the lack 

of uniqueness in this region. Similarly the constant w curves 

cross in the same region. 
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F i g .  3 .4  Curves on (a,P> plane generated by holding 

frequency domain parameters (A,<,w) constant. 
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3.4 T i m e  Response S p e c i f i c a t i o n s  i n  C o e f f i c i e n t  Space. 

It is now necessary t o  o b t a i n  s u r f a c e s  i n  c o e f f i c i e n t  

space corresponding t o  given t i m e  response s p e c i f i c a t i o n s .  

s imp l i fy  t h i s  t a s k  somewhat, two planes of t h e  (a,@,y) space,  t h e  

(y,@) and (a ,@)  planes,  are considered s e p e r a t e l y .  The problem 

is  then reduced t o  f ind ing  curves i n  t h e  given planes.  I n  t h e  

following chap te r  t h e  curves w i l l  be  used t o  determine t h e  e f f e c t  

of p l a n t  parameter v a r i a t i o n s  on t i m e  response.  

To 

Shown i n  Figs .  3.5 and 3.6 are rise t i m e  and overshoot 

r e s p e c t i v e l y  i n  t h e  (<,A) plane.  R i s e  t i m e  i s  normalized wi th  

r e s p e c t  t o  w and overshoot is independent of w by t h e  same 

argument used f o r  t h e  second-order t r a n s f e r  func t ion  i n  Chapter 11. 

The following f o u r  F igs .  3.7 t h r u  3.10, show some curves a t  

t y p i c a l  va lues  of rise t i m e  and overshoot on t h e  two c o e f f i c i e n t  

planes s e l e c t e d  above. 

curves which are u s e f u l  i n  eva lua t ing  t i m e  response i n  c o e f f i c i e n t  

space.  These curves are, (1) t h e  curve r ep resen t ing  i n f i n i t e  A ,  

o r  t h e  boundary beyond which r h e  t r a n s f e r  func t ion  i s  u n s t a b l e ,  

(2)  t h e  curve corresponding t o  < = 1, i n d i c a t i n g  t h e  region 

Also shown on each f i g u r e  are t h r e e  o t h e r  

where t h e  t r a n s f e r  func t ion  po le s  are a l l  real and hence no 

o s c i l l a t i o n  is  p r e s e n t  i n  t h e  t i m e  response,  and (3) t h e  curve 

corresponding t o  XG = .56, which w i l l  b e  discussed i n  Sec t .  3.5. 

The curves of a l l  s i x  Figs .  3.5 t h r u  3.10, are ob ta ined ,  

with t h e  a i d  of a d i g i t a l  computer, by t h e  following method. 
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Recall t h a t  t h e  t i m e  response is  completely descr ibed  by t h r e e  

v a r i a b l e s ,  e i t h e r  (a,P,y) o r  (h,<,w).  L e t  y b e  t h e  v a r i a b l e  on 

t h e  vertical axis and f i x  t h e  two corresponding v a r i a b l e s  a t  a 

cons tan t  value.  Then des igna t ing  e i t h e r  overshoot o r  rise t i m e  

as h(y)  and t h e  s p e c i f i e d  va lue  as h,, a cons t an t ,  w e  g e t  t h e  

fol lowing equat ion  t o  be  solved.  

This equat ion  can be  solved by t h e  same method d iscussed  f o r  

so lv ing  (2.13).  I n  t h e  c o e f f i c i e n t  p lane  cases w e  u t i l i z e  t h e  

t ransformat ion  of S e c t .  3.3 t o  ob ta in  (A,c,w) necessary f o r  

eva lua t ing  t h e  t i m e  response c ( t ) .  To eva lua te  overshoot of 

t h e  th i rd-order  response w e  use  t h e  method given i n  Sect. 2.4  

f o r  so lv ing  (2 .13 )  t o  o b t a i n  t h e  f i r s t  zero  of t h e  t i m e  

d e r i v a t i v e ,  i .e . ,  c ' ( t , )  = 0 ;  then  OV = c ( t , )  - 1. 

d 
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Fig. 3.5 Normalized rise t i m e  of s t e p  response for third-order 

? 4 w 3  
transfer function, T ( s )  = (8 + x c w ) ( S L  -k 2cWS + W") 
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a 

Fig. 3.10 Curves of constant s t e p  response overshoot 

for th i rd-order  t r a n 8 f e r  function, 

A g o 3  
( 8  4- h<W)(S2 + 2<ws + w 2 j  T(s) = s J  + as&- 8s 9 y 

d 
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3.5 Undesirable Region of Coef f i c i en t  Space 

I n  t h e  last  s e c t i o n  a boundary was shown i n  c o e f f i c i e n t  space 

The pur- descr ibed by s e t t i n g  the  XZ, product equal  t o  a constant .  

pose and method of determining t h i s  boundry is  now considered. 

Observe i n  Fig. 3 . 9  t h a t  t h e  lines of cons t an t  rise t i m e  appear as 

though they would meet and c r o s s  i f  extended. Ca lcu la t ion  of 

some a d d i t i o n a l  p o i n t s  i n d i c a t e s  t h a t  they s p i r i a l  i n  toward some 

focus.  Ca lcu la t ion  of more p o i n t s  on t h e  rise t i m e  curves of 

Fig.  3.7 r evea l s  t h a t  abrupt  d i s c o n t i n u i t i e s  can sometimes occur.  

The conclusion drawn i s  t h a t  rise t i m e  and overshoot as def ined i n  

Chapter I are no t  well-behaved funct ions i n  t h e  e n t i r e  region of 

c o e f f i c i e n t  space of i n t e r e s t  t hus  f a r ,  i . e . ,  t h e  region where 

(a,P,y) are a l l  p o s i t i v e .  

means i n  terms of t i m e  response and at tempt  t o  f i n d  some c r i t e r i o n  

f o r  excluding some of t h e  c o e f f i c i e n t  space from considerat ion.  

Hence w e  want t o  i n v e s t i g a t e  what t h i s  

Consider Fig.  3 .11which shows t h e  s t e p  response f o r  s e v e r a l  

va lues  of X wi th  Z, f i x e d  a t  5 = 0.2. 

corresponding t o  

component be fo re  i t  reaches t h e  f i n a l  va lue  of u n i t y  t h e  f i r s t  

t i m e .  This c o n f l i c t s  with t h e  d e f i n i t i o n  of overshoot given i n  

Chapter I. There i t  w a s  s p e c i f i e d  t h a t  t be t h e  f i r s t  nonzero 

value of t i m e  where t h e  d e r i v a t i v e  of t h e  r e s p m s e  went t o  ze ro  

and t h a t  c ( t l >  > 1. 

r e s u l t s  i n  a nega t ive  overshoot which w a s  no s i g n i f i c a n t  meaning 

i n  t h e  p re sen t  problem. Also, a response t h a t  o s c i l l a t e s  be fo re  

Observe t h a t  t h e  response 

starts t o  decrease due t o  i t s  o s c i l l a t o r y  X = 1.2 

1 

The response under cons ide ra t ion  i n  Fig.  3.11 
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‘ 1  
L Y  

0 8 12 
Fig. 3.11 Unit  s t e p  responses f o r  th i rd-order  t r a n s f e r  func t ion ,  

2 ; 5 = 0.2. A < W 3  
T(s)  E ( S  + X<u)(sz 4- 23ws + w ) 

reaching t h e  f i n a l  value the  f i r s t  t i m e  i s  no t  very d e s i r a b l e  from 

t h e  p r a c t i c a l  po in t  of view. Now consider  t h e  response for X = 1.5. 

This reaches t h e  value c ( u t , )  = .9,  a t  approximately u t 0  = .g.However, 
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i f  X i s  increased s l i g h t l y  t h e  hump a t  

of u n i t  magnitude and t h e r e  r e s u l t s  a n  ab rup t  change i n  to.  

Hence the  d i s c o n t i n u i t i e s  of rise t i m e  i n  c o e f f i c i e n t  space are 

explained. 

u t  = 5 w i l l  c r o s s  t h e  l i n e  

To exclude t h e  undes i r ab le  p o s s i b i l i t i e s  descr ibed above t h e  

requirement i s  imposed t h a t  t h e  response reach u n i t y  magnitude 

b e f o r e  a zero of t h e  t i m e  d e r i v a t i v e  occurs .  

i s  noted t h a t  with 7; = 0.2 t h e  requirement i s  m e t  f o r  X > 2.0.  

Addit ional  values  are obtained by p l o t t i n g  response curves f o r  

o t h e r  va lues  of 7;. 

p l o t t e d  on t h e  dashed curve of Fig.  3.12. 

From Fig.  3.11 i t  

. 

The (A,<) p a i r s  obtained i n  t h i s  way are 

8 

x 
4 

0 
0 .2  . 4  r .6 .8 1.0 

F ig .  3.12  Data f o r  undes i r ab le  response boundary. 

Since i t  is h igh ly  d e s i r a b l e  t h a t  t h i s  boundary be represented 

by some known func t ion ,  t h e  hyperbola A< = .56 is  s e l e c t e d  as a 

reasonable f i t .  The hyperbola i s  a l s o  shown i n  Fig.  3.12. From 

t h e  i n v e s t i g a t i o n  of t i m e  response i t  is  found t h a t  f o r  < > .5 
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and certainly for 7; > 1, 

any A. 

functional boundary, XY = .56 is selected even though it ex- 

the imposed requirement is met for 

However due to the desirability of having a simple 

cludes some satisfactory time responses. 

boundary into coefficient space by substituting A< = b in 

Transforming the 

(3.4), the three equations are reduced to one by eliminating w 

and the result is 

P = b23ay13 + yZ3(l/bz3 - b43), (3.18) 

or with b = .56, 

B = .6794ay13 + 1.010~~~. (3.19) 

Eq. (3.19) describes a surface in coefficient space whose images 

in the (P,y) and (B,a> planes are shown in the figures of the 

last section as the curve marked X 7 ;  = .56. 

i 
. 1  

i 

t 
I 

. i  

3.6 Summary of Results 

Sections 3.1 and 3.2 have established the time response and 

transfer function to be considered in the third-order system study. 

In Sections 3 . 3  and 3.4 the coefficient space is defined and 

a method of transforming in either direction between coefficients 

and frequency domain parameters, which describe the time response, 

is developed. Section 3.5 imposes a restriction on the time 

response, eliminating some undesirable Pesponses and their 

deterimental effect on the behavior of the time response specifi- 

cations in coefficient space. 

Combining the results of Sections 3.4 and 3.5, a semi- 

d 
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infinite open region, R, is defined such that 

(a) a,f3,y are all positive 

and 

(b) y / a  < 6 I .6794ayq3 + l . O l O Y q 3  

39 

Further, R is divided into two sub-regions, 8, and R,, such 

thac in R,, G < 1; and in R,, 5 2 1. In R, overshoot is taken 

as identically zero by definition. As a result we have that the 

time response specifications, rise time and overshoot, are 

well-defined, continuous, and differentiable in R. 

j 

I 

... i 
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THIRD-ORDER SYSTEM DESIGN 
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4 . 1  Repion of Acceptable T i m e  Response i n  C o e f f i c i e n t  Space 

I n  Chapter 111 t h e  n a t u r e  of s u r f a c e s  corresponding t o  

constant  rise t i m e  and overshoot were i n v e s t i g a t e d .  A region 

R w a s  def ined i n  c o e f f i c i e n t  space having t i m e  response s p e c i f i -  

c a t i o n s  as well-behaved func t ions  of t h e  c o e f f i c i e n t s .  S e l e c t i o n  

of a p a r t i c u l a r  se t  of t i m e  response i n e q u a l i t y  c o n s t r a i n t s  

y i e l d s  a sub-region Rs, contained i n  R, which is  s p e c i f i e d  by 

(4 . l a )  

(4 . lb)  

( 4 . 1 ~ )  

Such a region is  shown i n  Fig.  4 .1  f o r  t = 1 sec. and 

OVs = 10%. 

shape and/or s c a l e d  t o  a d i f f e r e n t  range of t h e  c o e f f i c i e n t s .  

The f i g u r e  i s  two dimensional b u t  t h e  image of R i s  shown f o r  

several va lues  of y s o  t h a t ,  th inking of y as an a x i s  p o s i t i v e  

rs 

For o t h e r  s p e c i f i c a t i o n s  t h e  region i s  d i s t o r t e d  i n  

S 

i n t o  t h e  page, a t h r e e  dimensional region can be v i s u a l i z e d .  

Observe t h a t  Rs is  convex on t h e  s u r f a c e s  given by E q s .  ( 4 . l a  & b ) .  

Returning t o  Fig.  3 . 8  i t  i s  seen t h a t ,  al though convexity is 

approached f o r  l a r g e  y, t h e  s u r f a c e  given by ( 4 . 1 ~ )  is  n o t  convex. 

The design problem now becomes t h a t  of f i n d i n g  a t r a n s f e r  f u n c t i o n  

whose c o e f f i c i e n t s  remain i n s i d e  R and j u s t  graze t h e  i n n e r  

boundaries a t  t h e  p l a n t  extremes. It w i l l  be  seen t h a t  t h i s  

S 

r e s u l t s  i n  minimum g a i n  and bandwidth f o r  t h e  open-loop t r ans -  

mission. 

d 
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Fig .  4 .1  Region of accep tab le  response i n  c o e f f i c i e n t  

space f o r  t, 5 1 sec. and OV 5 1 0 %  for 
t r a n s f e r  func t ion ,  T(s) = s3 + a s 2  Y + 6s + y ' 
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4.2  System S t r u c t u r e  

The gene ra l  system s t r u c t u r e  f o r  which a design scheme i s  

developed i n  t h i s  chap te r  i s  shown i n  Fig.  4.2.  

as t h e  second-order s t r u c t u r e  of Chapter 11, however, t h e  p l a n t  

This  is  the same 

i s  now taken t o  b e  

and t h e  compensation i s  

K 
s + a  H ( s )  = - - (4 .3 )  

Fig.  4.2 Third-order system s t r u c t u r e .  

The p l a n t  may 'nave a f i x e d  zero which i s  cance l l ed  by a po le  of 

t h e  compensation be fo re  t h e  following design begins and thus does 

no t  e n t e r  i n t o  t h e  c a l c u l a t i o n s .  With t h e  assumed forms f o r  

p l a n t  and compensation t h e  closed-loop t r a n s f e r  func t ion  is  

kK ( 4 . 4 )  
s 3  + [a+pl+p21s2+ [a(pl+P2)+Plp21s + [ap 1 2  p + kK1 

The t r a n s f e r  func t ion  ( 4 . 4 )  has a d-c t ransmission,  obtained by 

l e t t i n g  s -+ 0 ,  of T(0) = kK/(ap p +kK). 

system i t  i s  d e s i r e d  t o  have TfO) = 1 i n  o r d e r  t h a t  as t -+ 00 

t h e  output  w i l l  approach t h e  inpu t .  

Usually i n  a c o n t r o l  
1 2  

I n  t h e  given t r a n s f e r  func t ion  

d 
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t h i s  can be accomplished i n  two ways, (1) mul t ip ly  the  t r a n s f e r  

I 

by l / T ( O ) ,  o r  (2) r e q u i r e  t h a t  t h e  p l a n t  have a pole a t  t h e  

o r i g i n  of t h e  s-plane,  i .e . ,  

a p r e f i l t e r  i n  f r o n t  of t h e  system having a pure ga in  of 

M(s) = (aplp2 -i- kK)/kK. However, i f  p l a n t  parameters are t o  vary, ,  

M ( s )  must vary accordingly.  This  i n f e r s  t h a t  t h e  p l a n t  parameters 

= 0. The f i r s t  method r equ i r e s  
P l  

can be measured on a continuous b a s i s  and thus takes  t h e  design 

problem out  of t he  class being s tud ied  he re .  The reason f o r  

consider ing t h e  more genera l  p l a n t  of Eq. ( 4 . 2 )  i s  t h a t  a u s e f u l  

by-product of t h e  design scheme is t h a t  i t  works f o r  p l a n t s  with- 

out parameter v a r i a t i o n s .  When p l a n t  parameters do vary i t  w i l l  

b e  assumed t h a t  p = 0. The r e s u l t i n g  c o e f f i c i e n t s  are 
1 

a = a + p l + p 2  (4.5a) 

6 * d P l f  P,) + PIP, (4.5b) 

Y = aPlP2 + I & .  (4.5c) 

For any f ixed  compensation a and K ,  as t h e  p l a n t  parameters are 

permit ted t o  vary through a l l  p o s s i b l e  va lues ,  a set  of po in t s  i s  

generated i n  c o e f f i c i e n t  space by Eqs. (4 .5) .  This set is  desig- 

nated as Rp. 

4.3 Minimum Poin t  

F i r s t  cons ider  t h e  design of a system wi th  f ixed  p l a n t  para- 

meters. Taking (4. lb  & c)  wi th  t h e  e q u a l i t y  s i g n  only and us ing  

(4 .5 )  gives a system of f i v e  equat ions i n  f i v e  unknowns, t h e  co- 

e f f i c i e n t s  and t h e  compensation parameters.  I f  t h i s  set  of 
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F i g .  4 . 3  I l l u s t r a t i o n  of f ixed  p l a n t  design.  
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equat ions has a s o l u t i o n  i n  R 

f o r  t h e  design. 

as t h e  compensation po le  a i s  va r i ed ,  w e  e l i m i n a t e  i t  from (4.5) 

then t h a t  s o l u t i o n  i s  a candidate  
S 

To observe t h e  behavior  of t h e  c o e f f i c i e n t s  \ 

t o  g e t  

2 2 6 = (P1 + P 2 h  - P1 - P, - PIP2 (4.6a) 

(4.6b) 

Eq. (4.6a) shows t h a t  t h e  p l a n t  c o n s t r a i n s  t h e  system c o e f f i c i e n t s  

t o  a s t r a i g h t  l i n e ,  CD i n  F i g ,  4 . 3 ,  on t h e  (a,B) plane. Curve 

AB of Fig.  4.3 shows t h e  i n t e r s e c t i o n  of t h e  s u r f a c e  of s p e c i f i e d  

rise t i m e  with t h e  s u r f a c e  of s p e c i f i e d  overshoot.  This means 

t h a t  a l l  p o i n t s  i n  t h e  c o e f f i c i e n t  space having both rise t i m e  

and overshoot equa l  t o  t h e i r  s p e c i f i e d  v a l u e  l i e  on curve AB,  and 

hence t h e  f i x e d  p l a n t  s o l u t i o n  must a l s o  l i e  on AB if such a 

s o l u t i o n  e x i s t s .  Noting t h a t  (4.5a & b)  are independent of ga in  

K ,  va lues  of t h e  c o e f f i c i e n t s  along CD are determined e n t i r e l y  by 

t h e  compensation p o l e  a. It is seen immediately t h a t  t h e  s o l u t i o n  

sought i s  (a , B  ) where CD and t h e  image of AB c ros s .  A t  t h i s  

p o i n t  K i s  ad jus t ed  t o  achieve y 

t h e  f i x e d  p l a n t  case. It is  immediate from Fig.  4 .3  t h a t  i f  a 

0 0  

and t h e  design is complete f o r  
0 

s o l u t i o n  e x i s t s ,  i .e . ,  t h e r e  i s  a real and p o s i t i v e  a and K such 

t h a t  Eqs. (4 . lb  & c )  are s a t i s f i e d  as e q u a l i t i e s  s u b j e c t  t o  t h e  

c o n s t r a i n t s  of Eqs. (4.5), then t h e  s o l u t i o n  i s  both unique and 

opt imal  i n  t h e  gain-bandwidth sense.  Also,  two cases are r e a d i l y  

observed where such a s o l u t i o n  does exist. The f i r s t  is  a 
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consequence of t h e  s l o p e  of CD, given as (p + p ) i n  Eq.  (4.6a). 

I f  t h e  sum of t h e  p l a n t  po le s  is s u f f i c i e n t l y  small t h e  r e s u l t  

1 2 

is  C'D' of Fig.  4.3 which never c ros ses  AB. 

corresponds t o  t h e  underspecif ied design problem. Taking a = 0 ,  

a and (3 have minimum va lues  of (p, + p2) and p,p, r e s p e c t i v e l y .  

A second case 

P l a n t  po le  va lues  are p o s s i b l e  such t h a t  t h i s  p o i n t  l i e s  above 

AB and hence r e q u i r e s  a nega t ive  a t o  decrease a and 8 t o  t h e  

va lues  a t  t h e  c ros s ing  of CD wi th  AB. Th i s  problem can n o t  occur 

i f  e i t h e r  p l a n t  p o l e  is  ze ro  because then minimum 8 i s  zero.  

Since a i s  a system po le ,  i t  i s  requ i r ed  t h a t  a > 0 f o r  r e a l i z -  

a b i l i t y  . 
Note t h a t  t h e  above d i scuss ion  is  equa l ly  v a l i d  when p = 0. 

The p o i n t  (ao , (30 ,yo)  i s  c a l l e d  t h e  minimm point  because i t  is  t h e  

f i r s t  p o i n t  obtained i n  t h e  varying parameter case w i t h  a l l  p l a n t  

parameters set t o  t h e i r  minimum value.  

1 

4.4 Numerical So lu t ion  f o r  Minimum P o i n t  

A d i scuss ion  of t h e  numerical  s o l u t i o n  f o r  t h e  minimum p o i n t  

is given h e r e  and t h e  same g e n e r a l  technique i s  used wi th  s l i g h t  

mod i f i ca t ion  f o r  t h e  remaining p a r t s  of t h e  third-order  problem 

i n  t h i s  chap te r .  

The c o e f f i c i e n t  space is  indeed only a u s e f u l  v e h i c l e  t o  

relate p l a n t  and compensation parameters t o  system t i m e  response.  

Once a compensation is  found t h e  c o e f f i c i e n t  values  are of only 

passing i n t e r e s t .  With t h i s  i n  mind t h e  minimum p o i n t  problem 

d 
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can be  r e s t a t e d  by two equat ions,  i n s t e a d  of the f i v e  given above, 

which are 

OV(a,K) = OV, . (4.7b) 

A s o l u t i o n  of t h e s e  equat ions is equ iva len t  t o  a s o l u t i o n  t o  t h e  

f i v e  equat ions discussed above. With a and R known, everything I 
i n  (4.5) is  known; t h e r e f o r e ,  t h e  p r o p e r t i e s  of uniqueness and 

op t ima l i ty  of t h e  s o l u t i o n  hold.  It fol lows from t h e  con t inu i ty  

and d i f f e r e n t i a b i l i t y  of Eq. (4 . lb  & e )  and (4.5) i n  R,  t h a t  

Eqs. (4.7) are a l s o  continuous and d i f f e r e n t i a b l e  i n  R. Hence, 

t h e  s o l u t i o n  of two simulataneous equat ions i n  two unknowns i s  

des i red .  It i s  p o s s i b l e  t o  s o l v e  t h e s e  equat ions by t h e  Raphson- 

Newton i t e r a t i o n  extended t o  two equat ions.  However, d i f f i c u l t y  is 

encountered i n  ob ta in ing  i n i t i a l  guesses t h a t  cause t h e  i t e r a t i o n  

t o  converge. 

The method used w i t h  good r e s u l t s  i s  t h e  following: f i r s t ,  

t h e  s p e c i f i c a t i o n s  are w r i t t e n  as func t ions  of a s i n g l e  parameter 

given by 

t,(K> = trz, (4.8a) 

ov(a) = OVs (4.8b) 

The g r a d i e n t  technique der ived i n  Sect .  2.4 f o r  so lv ing  Eq. (2.15) 

i s  then app l i ed  s e p e r a t e l y  t o  (4.8a 6 b ) .  

is 

The sequence of s t e p s  

( a )  Obtain i n i t i a l  guesses a. and KO. 

d 
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(b) Approximate d e r i v a t i v e  of t r  w i t h  r e s p e c t  t o  K 

i 
I 

. J  

and iterate one s t e p  AK. 

Approximate d e r i v a t i v e  of OV wi th  r e s p e c t  t o  a 

and i terate one s t e p  Aa. 

( e )  

(d) Repeat b t h r u  d and t e rmina te  when tr and OV are 

s u f f i c i e n t l y  c l o s e  t o  t h e i r  s p e c i f i e d  values .  

I n i t i a l  guesses may b e  any a. and K O  which g ive  c o e f f i c i e n t s  i n  R. 

They are t y p i c a l l y  taken of o rde r  p, and lop2  r e s p e c t i v e l y ,  and a 

computer r o u t i n e  checks t o  i n s u r e  t h a t  t h e  c o e f f i c i e n t s  are i n  R. 

I f  t h e  r o u t i n e  f i n d s  t h e  i n i t i a l  guesses i n  v i o l a t i o n  of t h e  

s t a b i l i t y  boundary of R ,  KO is halved u n t i l  t h e  v i o l a t i o n  i s  re- 

moved. S i m i l a r l y  i f  t h e  i n i t i a l  guesses v i o l a t e  t h e  undes i r ab le  

response boundary a, i s  halved. 

Recall t h a t  i n  R,, de f ined  i n  Sect .  3 . 6 ,  OV i s  zero by 

d e f i n i t i o n ,  s o  t h a t  i f  s t e p  (c) is  attempted i n  R, t h e r e  i s  no 

d e r i v a t i v e  information a v a i l a b l e  t o  estimate t h e  increment Aa. When 

t h i s  occurs t h e  p re sen t  va lue  of a i s  simply decreased by 10%. This 

f o r c e s  t h e  c o e f f i c i e n t s  toward R, where overshoot i s  nonzero and 

t h e  process  depends on t h i s  coupled w i t h  che success ive  K iterates 

t o  r e t u r n  i t  t o  R1 where i t  must be  t o  arrive a t  a s p e c i f i c  overshoot 

s o l u t i o n .  A check i s  a l s o  made on t h e  success ive  iterates t o  v e r i f y  

t h a t  t h e  process  i s  converging t o  a s o l u t i o n  i . e . ,  t h a t  AK,+~ < AKn 

and La,+, < 

Fig. 4 . 3  i s  qu ick ly  de t ec t ed  by t h i s  check. The d i scuss ion  of 

The d ive rgen t  case corresponding t o  l i n e  C'D' of 

i 
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nega t ive  K found i n  t h e  f i n a l  paragraph of Sec t .  2.4 a p p l i e s  t o  

t h e  third-order  case as w e l l ,  and t h e  same c o r r e c t i v e  a c t i o n  

is employed. 

It should be  understood t h a t  t h e  f o u r  s t e p s  l i s t e d  as an 

i t e r a t i o n  technique f o r  f i n d i n g  the minimum p o i n t  r e l y  h e a v i l y  f o r  

t h e i r  implementation on t h e  background knowledge provided i n  

Chapter 111. For example, t o  evaluate rise t i m e  f o r  a given a and 

K t h e  c a l c u l a t i o n s  r equ i r ed  are (1) determine t h e  c o e f f i c i e n t s  

(a,P,y), ( 2 )  t ransform c o e f f i c i e n t s  i n t o  s-plane parameters 

(X,<,w), and ( 3 )  c a l c u l a t e  rise t i m e  of c ( t )  by t h e  method of 

Sec t .  2 .4 .  A d e t a i l e d  flow c h a r t  of t h e  computation procedure i s  

given i n  Appendix A. 

i 

! 
i 

. I  

4.5 P l a n t  Gain Var i a t ion  

The sys t ema t i c  design of a system having a p l a n t  g a i n  

v a r i a t i o n  such t h a t  

k I k 5 k  ( 4  * 9) 
1 2 

where k,  and k2  are known, i s  developed i n  t h i s  s e c t i o n ,  

assumed t h a t  p = 0 i n  Eqs .  (4 .5 )  f o r  t h e  reasons s t a t e d  i n  t h a t  

s e c t i o n .  The c o e f f i c i e n t s  and system parameters are then r e l a t e d  

It  i s  

1 

bY 

(4.10a) 
a = a + P 2  

8 aP2 ( 4 .  lob)  

y = k K  . (4 .10c )  

It is  a l s o  assumed t h a t  t h e  minimum p o i n t  def ined i n  t h e  previous 
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s e c t i o n  has  been l o c a t e d  w i t h  k = k . The ga in  v a r i a t i o n  

problem i s  viewed b e s t  on t h e  (y,B) plane shown by Fig. 4.4. On 

t h i s  ’ f i g u r e  the minimum p o i n t  i s  p o i n t  a and curves of cons t an t  

rise t i m e  and overshoot are shown f o r  several a. Also, t h e  curve 

AB i n  Fig.  4.4 i s  t h e  same as curve AB of Fig.  4.3. 

1 

By Eqs .  ( 4 . 8 )  i t  i s  noted t h a t  a g a i n  v a r i a t i o n  changes t h e  

c o e f f i c i e n t  y only. This means t h a t  when a design i s  complete a 

and 6 are constant  w i th  r e spec t  t o  p l a n t  parameter v a r i a t i o n s  and 

thus Rp is  a s t r a i g h t  l i n e .  

Consider t h e  c o e f f i c i e n t s  corresponding t o  t h e  minimum p o i n t  

I f  t h e  p l a n t  ga in  i s  inc reased  t o  k,, y i n c r e a s e s  a i n  Fig.  4.4. 

t o  some l a r g e r  va lue  shown a t  p o i n t  b. Recall t h a t  as t h e  compen- 

s a t i o n  po le  is v a r i e d  t h e  c o e f f i c i e n t s  (a,B) are s t i l l  confined 

t o  CD of Fig.  4.3. 

a manner t h a t  t h e  p o i n t  corresponding t o  k = k remains on t h e  

s u r f a c e  of s p e c i f i e d  rise t i m e .  When t h e  p o i n t  corresponding t o  

We now increase a and K simultaneously i n  such 

1 

k = k, 

s p e c i f i c a t i o n  t h e  design i s  complete. 

t h e  l i n e  between p o i n t s  c and d. 

passes  through t h e  s u r f a c e  of R given by t h e  overshoot 

The f i n a l  I$, i s  shown as 

S 

S i m i l a r  t o  t h e  f i x e d  p l a n t  case, t h e r e  are two p o s s i b i l i t i e s  

t h a t  a s o l u t i o n  does n o t  exis t  i n  Rs. 

may b e  s o  l a r g e  as t o  cause the c o e f f i c i e n t s  t o  move up l i n e  CD 

i n  Fig.  4.3 t o  t h e  p o i n t  where t h e  undes i r ab le  response boundary 

F i r s t ,  t h e  gain v a r i a t i o n  

rnarked A <  = .56 i s  encountered. I f  t h i s  boundary is  c rossed  



51 

" >  

i 

i 

! 
i . '  

t 
o ]  1 I I 1 I I I I I I 

40 80 120 160 20c 
Y 

Fig- 4.4 Illustration of design procedure for 

ne with gain variation. 
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t h e  computation must be terminated due t o  t h e  poor behavior of t h e  

I 

I 
. 1  

s p e c i f i c a t i o n  func t ions .  The boundary could b e  crossed and t h e  

computation terminated when t h e  i t e r a t i o n  procedure i s  q u i t e  c l o s e  

t o  t h e  f i n a l  s o l u t i o n .  For t h i s  reason a l l  c u r r e n t  information 

i s  r e t r i e v e d  a t  t h e  terminat ion t o  permit  t h e  designer  t o  eva lua te  

t h e  s i t u a t i o n .  Poss ib ly  a s l i g h t  r e l a x a t i o n  of t h e  s p e c i f i c a t i o n s  

w i l l  al low a s u c c e s s f u l  design. 

The second cause of f a i l u r e  t o  f i n d  a s o l u t i o n  is  due t o  t h e  

re la t ive expansion rates of Rs and R 

v a r i a t i o n  due t o  p l a n t  ga in  i s  

as y g e t s  l a r g e .  The y P 

(4.11) 

Being p ropor t iona l  t o  K ,  t h e  y v a r i a t i o n  i n c r e a s e s  as K i s  inc reased  

i n  moving up t h e  cons t an t  rise t i m e  su r f ace .  The width of Rs i n  

t h e  y coordinate  a l s o  i n c r e a s e s ,  however, i f  Ay i n c r e a s e s  f a s t e r  

than Rs, then R 

s o l u t i o n  i s  obtained. 

iterates AK and da  as discussed i n  Sec. 4.4. 

can n o t  be  f o r c e d . t o  f i t  i n  Rs and hence no 
P 

This r e s u l t  i s  d e t e c t e d  by divergence of t h e  

The numerical s o l u t i o n  of  t h e  v a r i a b l e  ga in  problem i s  obtained 

by r e w r i t i n g  Eqs. (4.lb & c )  as 

where y i s  always computed as Kk, and Ay is  given by (4.11). Using 

(4.12) t h e  technique i s  i d e n t i c a l  w i th  t h a t  discussed i n  Sec t .  4 . 4 .  

A t y p i c a l  i t e r a t i o n  pa th  i s  shown by t h e  s m a l l  dashed l i n e  i n  
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Fig.  4.4. 

One new problem can arise i n  t h e  course of t h e  v a r i a b l e  ga in  

computation. I f  k i s  s u f f i c i e n t l y  l a r g e ,  p o i n t  b of Fig. 4.4 

may be  ou t s ide  of R i n  v i o l a t i o n  of t h e  s t a b i l i t y  boundary. 

t h i s  occures overshoot is no longer  def ined.  

When 

To prevent  t h i s  

occurence t h e  c o e f f i c i e n t s  a t  b are t e s t e d  arid i f  found t o  be  out- 

s i d e  of R a temporary va lue  of k say k '  is used. The problem 
2 '  2 '  

is  solved f o r  k i ,  k' i s  increased ,  and t h e  problem solved again.  
2 

The sequence is repeated u n t i l  a s o l u t i o n  i s  found wi th  k '  = k . 
A s a t i s f a c t o r y  value f o r  k '  i s  

2 2 

2 

k'  = Aap (a+p )/(A+2)K - 2A2(a+p > 3 / ( A + 2 > 3 K  , (4.13) 
2 2 2 2 

where h i s  taken as a l a r g e  number. 

bouhdary i s  determined by i n f i n i t e  A ,  s u b s t i t u t i n g  A and t h e  coe f f i -  

c i e n t s  i n  terms of parameters from (4.10) i n t o  (3.13) g ives  t h e  k '  

of (4.13).  

Reca l l ing  t h a t  t h e  s t a b i l i t y  

2 

4.6 P lan t  Gain and Pole  Var i a t ion  

A design scheme is  now presented f o r  t he  p l a n t  of Eq. (4.4) 

with a combined ga in  and po le  v a r i a t i o n .  The parameter v a r i a t i o n s  

are s t a t e d  as 

k S k l k  (4.14a) 
1 2 

P,, P, P2, 9 (4.14b) 

When t h e  p l a n t  has  a pole  v a r i a t i o n  but  does n o t  have a ga in  

v a r i a t i o n  t h e  problem i s  handled as a s i m p l i f i e d  l i m i t i n g  case of 

d 
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t h e  more gene ra l  s i t u a t i o n  considered h e r e .  

The s o l u t i o n  begins by s e t t i n g  p and k t o  t h e i r  minimum 
2 

value and s o l v i n g  f o r  t h e  minimum p o i n t  as i n  Sect.  4.3. Note 

again t h a t  p = 0. The ga in  v a r i a t i o n  i s  then  considered 

s e p a r a t e l y  wi th  p 

found'by t h e  procedure of Sec t .  4.5. The l i n e  between c and d 

of Fig.  4.5 shows t h e  region of p l a n t  v a r i a t i o n  i n  c o e f f i c i e n t  

space R a t  t h i s  s t a g e  of t h e  design. To observe t h e  shape of R 

f o r  t h e  a d d i t i o n a l  parameter v a r i a t i o n  p is  el iminated from 

Eqs .  (4.5a & b) and (4.5b & c) are r e w r i t t e n  s o  t h a t  

1 

he ld  a t  p and appropr i a t e  va lues  of a and K 
2 2 1  

P P 

2 

1 3 1 a a - a  (4.15a) 

= aP2 (4.15b) 

y = kK ( 4 . 1 5 4  

E q s .  (4.15) along wi th  t h e  l i m i t s  of (4.14) show t h a t  R is a plane 

i n  c o e f f i c i e n t  space having one' edge p a r a l l e l  t o  t h e  y a x i s  and 

l y i n g  a t  s l o p e  a on t h e  (a,B) plane. From Fig.  4.5 i t  i s  seen  t h a t  

t h e  r ise t i m e  boundary a t  Rs is  v i o l a t e d  immediately as p , and 

P 

2 

hence p, is  inc reased  from p o i n t  c. 

curves l i e  on t h i s  f i g u r e  i n d i c a t e s  t h a t  t h e  rise t i m e  v i o l a t i o n  

i s  aggravated by t h e  simultaneous i n c r e a s e  of a with B. 

c' is  now moved rightward i n  Fig.  4.5 t o  t h e  s u r I a c e  of cons t an t  

rise t i m e ;  then subsequent adjustment of a and K move t h e  p o i n t  

c' along t h e  R, boundary u n t i l  c '  and d are i n  p o s i t i o n s  e '  and 

f r e s p e c t i v e l y .  

A l i t t l e  s tudy of how t h e  

The p o i n t  

' 

The r e s u l t  is t h a t  t h e  p o i n t s  e '  and f are on 
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Fig. 4.5 I l l u s t r a t i o n  of design procedure f o r  plant  

with combined gain and 91e variation. 
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the boundries of Rs and all other points of F$ are in Rsg It is 

clear f r o m  the figure that the solution is unique and optimal. 

A s  in the gain variation case, if the undesirable response 

boundary is encountered, computation is terminated and any useful 

information about the point of termination retained. The increase 

of a and K as point c' moves along the rise time surface causes 

% to expand in two dimensions. The y variation is given again 

by Eq.  (4.11), but it is already known that this dimension of 

fits in Rs because the gain variation problem with p 

have diverged otherwise. 

l$,, denoted by A o ,  is calculated using Eqs. (4.15a & b) as 

Rp 
would 

= pzl 2 

The length of the other edge of the plane 

Aa (P22 - P21) (4.16a) 

(4.16b) A6 = a(P22 - p21) 

- p  >m. (4.17) A0 = JAa' + AB2' - (p22 
21 

For large a, Ab is approximately proportional to a and the plant 

and specifications may be such that A,, expands faster than the 

dimension of Rs of the same orientation. 

the computation by divergence of the Aa and AK iterates. 

This is determined in 

The numerical technique is modified by rewriting (4.lb & c) 

in the form 

' 1  
$ 
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and applying t h e  procedure of Sec t .  4.4. 

c o e f f i c i e n t s  (a,B,y> are those computed f o r  p l a n t  parameters a t  

minimum. 

I n  (4.18) t h e  

4.7  Comparison of Second and Third-Order Designs 

I n  t h i s  s e c t i o n  t h e  second and th i rd -o rde r  designs are 

compared and some reasons f o r  choosing one over  t h e  o t h e r  are 

pointed out .  

design w i l l  achieve t h e  t i m e  response s p e c i f i c a t i o n s  then t h e  o t h e r  

w i l l  a l s o ;  hence i f  rise t i m e  and overshoot are t h e  only consider- 

a t i o n s  t h i s  choice is  always a v a i l a b l e .  

It i s  shown, r a t h e r  h e u r i s t i c a l l y ,  t h a t  i f  one 

On t h e  fol lowing page, Fig. 4.6 shows t h e  asympototic Bode 

p l o t  of open-loop t ransmission L(s) r ep resen t ing  t h e  s o l u t i o n  of 

t h e  following problem. P l a n t  parameters are given by 

I l k  2 1 . 5  , 

and t i m e  response s p e c i f i c a t i o n s  are 

tr  I 1  sec. 

ov s 10% , 

The asymptotic Bode p l o t  changes of course as t h e  p l a n t  parameters 

vary,  b u t  t h e  p l o t  i s  shown f o r  t h e  two designs a t  t h e  t i m e  

response extremes as l abe led .  

o rde r  open-loop t ransmissions are 

Recall t h a t  t h e  second and t h i r d  

L 2 ( s )  Q K2k (4.19a) s(s  + PI 



58 

and 

corresponding t o  t i m e  response extremes. 

(4.19b) K 3 k  
L3(s )  E s ( s  + a > ( s  + p) 

r e spec t ive ly .  

K, = 20.1, 

a = 17.3. 

The s o l u t i o n s  obtained are f o r  t h e  second-order, 

and t h e  th i rd-order  compensation is  K 3  = 322 and 

With these  compensations the  th i rd-order  system f o r  two 

extremes of p l a n t  parameters,  touches both t h e  overshoot and rise 

t i m e  boundaries of R, and thus makes maximum use  of t h e  t i m e  

s p e c i f i c a t i o n s  a The second-order system has a maximum overshoot 

of 3.54% l eav ing  some freedom i n  t h e  design s p e c i f i c a t i o n  f o r  

improvement. 

From convent ional  frequency domain design techniques w e  can 

d 
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a s s o c i a t e  t h e  low frequency p o r t i o n  of t h e  Bode p l o t  w i t h  rise 

t i m e .  

pa s s  f requencies  from ze ro  up t o  some value wi th  a c e r t a i n  amount 

of gain.  Overshoot i n  t u r n ,  is r e l a t e d  t o  how f a s t  t h e  loop g a i n  

is  reduced, o r  equ iva len t ly  how fast phase l a g  i s  added. 

That i s ,  t o  achieve some given rise t i m e  t h e  system must 

Consider 

t h e  lower set of curves i n  Fig. 4.6 as rep resen t ing  a design f o r  

a non-varying p l a n t  momentarily. 

r equ i r ed  ga in  over  t h e  low frequency range t o  m e e t  t h e  rise t i m e  

The second-order system h a s  t h e  

requirement and s i n c e  more overshoot is  allowed t h e  high frequency 

gain may be lowered f a s t e r  than i s  shown by t h e  second o r d e r  p l o t .  

By going t o  t h e  th i rd -o rde r  system w e  can add pure ga in  and an 

a d d i t i o n a l  pole .  

frequency ga in  must be  a t  t h e  same level as i t  w a s  f o r  t h e  second- 

o rde r  design b u t  with t h e  a d d i t i o n a l  p o l e  t h e  high frequency g a i n  

can b e  lowered a t  a f a s t e r  rate as shown by L 3 ( s ) .  

To aga in  m e e t  t h e  rise t i m e  requirement t h e  low 

I f  t h e  second- 

o r d e r  system meets both s p e c i f i c a t i o n s  as e q u a l i t i e s  then t h e  Bode 

p l o t  of t h e  third-order  design must be i d e n t i c a l  w i th  t h e  second- 

o rde r .  This  can only be  achieved by l e t t i n g  t h e  compensation po le  

approach i n f i n i t y .  Indeed, a and K3 must both go t o  i n f i n i t y  i n  

such a way t h a t  K 3 / a  -C K2 t o  g ive  t h e  same c h a r q c t e r i s t i c  as t h e  

second-order system. It now becomes clear t h a t  i f  t h e  second-order 

system cannot be ad jus t ed  t o  meet t h e  response S p e c i f i c a t i o n s  a 
\ 

thi rd-order  s t r u c t u r e  can do no b e t t e r .  Fu r the r ,  a t  least 

t h e o r e t i c a l l y ,  any set o r  s p e c i f i c a t i o n s  t h a t  are achieved with t h e  

second-order s t r u c t u r e  can a l s o  b e  m e t  w i t h  t h e  third-order  s t r u c t u r e .  

a 
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The th i rd -o tde r  s t r u c t u r e  is  more complex and r e q u i r e s  

more compensation ga in  thereby inc reas ing  t h e  system c o s t .  How- 

ever, most p r a c t i c a l  systems r e q u i r e  a t r ansduce r  a t  t h e  output  

t o  gene ra t e  t h e  feedback s i g n a l  and such t r ansduce r s  produce 

high frequency no i se ;  hence i t  i s  d e s i r a b l e  t o  reduce t h e  open- 

loop ga in  as f a s t  as p o s s i b l e  a t  h ighe r  f requencies  t o  a t t e n u a t e  

n o i s e  i n  the  feedback path.  These f a c t o r s  must be  weighed by t h e  

designer  when choosing which s t r u c t u r e  t o  use f o r  a p a r t i c u l a r  t a s k .  

4.8 Improvements and S i m p l i f i c a t i o n s  t o  t h e  Third-Order Design 

Scheme 

With t h e  information of t h e  preceding s e c t i o n  t h e  numerical  

s o l u t i o n  can be  made somewhat more s u c c i n c t .  F i r s t ,  i f  a second- 

o rde r  design is  n o t  achieved, t h e  third-order  need n o t  b e  attempted. 

I f  t h e  second-order t r y  i s  s u c c e s s f u l  t hen  t h e  s o l u t i o n  toge the r  

w i th  t h e  p l a n t  parameter va lues  provide u s  w i t h  reasonable i n i t i a l  

guesses t o  t h e  third-order  system compensation. I f  a s u c c e s s f u l  

second-order design y i e l d s  a ga in  K P ,  t hen  p l ac ing  t h e  compensation 

po le  f o r  t h e  third-order  design f a r  o u t ,  say a t  20p2, and a d j u s t i n g  

t h e  i n i t i a l  compensation ga in  a p p r o p r i a t e l y  t o  K, = 20K2p,, t h e  low 

frequency Bode c h a r a c t e r i s t i c  i s  e s s e n t i a l l y  unchanged and thus a 

f a i r l y  good guess i s  obtained f o r  t h e  th i rd -o rde r  compensation a t  

t h e  start .  

F u r t h e r ,  i n s t e a d  of i t e r a t i n g  t o  t h e  minimum p o i n t  and para- 

meter v a r i a t i o n  s o l u t i o n s  s e p e r a t e l y ,  Eqs. (4.18) are used a t  t h e  

o u t s e t  t o  i terate d i r e c t l y  t o  t h e  f i n a l  s o l u t i o n .  In t h e  s p e c i a l  
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case of no p l a n t  po le  v a r i a t i o n  Aa and AB of (4.18) simply vanish.  

S imi l a r ly ,  Ay vanishes  when the  p l a n t  has  no ga in  v a r i a t i o n .  

special case occurs  when p 

A 

# 0 and t h e  p l a n t  i s  f ixed .  For t h i s  
1 

case Eqs. (4.18) are s t i l l  s a t i s f a c t o r y ,  b u t  i n i t i a l  compensation 

guesses are chosen as explained i n  Sec t .  4.4 s i n c e  no second-order 

design has been attempted. 

An attempt t o  so lve  a few design problems quickly i n d i c a t e s  

t h a t  t h e  undes i rab le  response boundary adopted i n  Sec t .  3 . 5  i s  

over ly  r e s t r i c t i v e ,  prevent ing t h e  s o l u t i o n  of a l a r g e  class of 

problems. This  r e s u l t s  from the  mapping of t h e  semi - in f in i t e  s t r i p  

i n  the  (<,A) plane ( see  Fig.  3.12) bounded by the  curves 5 = .5, 

J 

h 5 0 ,  and XC = .56 i n t o  c o e f f i c i e n t  space.  It  i s  found t h a t  

many s o l u t i o n s  l i e  i n  t h e  region of c o e f f i c i e n t  space where 

A< < .56 bu t  5 > .5 and, as mentioned i n  Sec t .  3 . 5 ,  t he  t i m e  

response s p e c i f i c a t i o n s  are well-behaved func t ions  i n  t h i s  region.  

I 
I Accordingly, a modified region R' is  def ined as fol lows:  
I 

(a)  ci,B,y are a l l  p o s i t i v e ,  
I 
9 and 
J 

b (b) y / a  < I3 < .6794ay1b + l . O l ~ ~ / ~  , 
$ 

o r  

(c)  y l a  < B and 5 > .5 . 
This  region has  a l l  t he  p r o p e r t i e s  ascr ibed  t o  R i n  S e c t .  3 . 5 .  

However, t h e  new region R' and t h e  a s soc ia t ed  R i  no longer  approach 

t h e  convexity condi t ion  discussed i n  Sect. 4.1. Fig. 4.7 shows t h e  

image i n  the  (y,B) plane  of a genera l  th i rd-order  design. I n  t h e  

d 
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5sirable response f 
Pig. 4.7 I l l u o t r a t i o n  of ge nship betweera 

d region of 

shaded region C < .5 and Xg < .56. I f  t h e  shaded region over- 

l a p s  wi th  R then undes i rab le  t i m e  responses are poss ib l e  and a 
P’ 

s p e c i a l  i n v e s t i g a t i o n  of t h e  system response is  requ i r ed  f o r  va lues  

of t h e  p l a n t  corresponding t o  t h e  shaded region t o  a s c e r t a i n  

whether o r  no t  such responses are acceptab le  i n  a p a r t i c u l a r  

app l i ca t ion .  However, a l a r g e  class of problems r e s u l t  i n  s o l u t i o n s  

where % and t h e  shaded region are d i s j o i n t .  Tbe r e s u l t  of de- 

f i n i n g  the  new regions R’ and R’ i s  a s i g n i f i c a n t  ex tens ion  of t h e  

usefu lness  of t h e  design scheme, bu t  wi th  t h e  a d d i t i o n a l  requirement 

S 

d 
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imposed t o  check t h e  f i n a l  s o l u t i o n  t o  i n s u r e  t h a t  w e  never 

simultaneously have C < .5 and Ac < .56, o r  i f  so ,  t h a t  t h e  

r e s u l t i n g  responses are acceptable .  The check is  most e a s i l y  

accomplished by p l o t t i n g  t h e  system extreme v a l u e s  on t h e  two 

dimensional (<,A> plane.  Often the check is  t r i v i a l ,  e.g., i t  can 

be  shown using E q s .  ( 3 . 4 )  t h a t  5 t akes  on i t s  minimum va lue  a t  one 

of t h e  corners  of E$, i n  Fig.  4.7 .  I f  t h i s  minimum i s  g r e a t e r  than 

.5,  undesirable  responses are excluded f o r  a l l  p l a n t  values .  The 

p o s s i b i l i t y  remains t h a t  t h e  computational a lgori thm w i l l  e n t e r  

t h e  shaded region be fo re  reaching a f i n a l  s o l u t i o n ,  i n  which case 

computation must be terminated due t o  t h e  eratic behavior of t h e  

t i m e  response func t ions .  

problem used i n  developing t h e  program given i n  Appendix A. 

This has  never occurred during any t r i a l  

i . I  



CHAPTER V 

coNcLusIoNs 

i 

1 

A design scheme is  presented i n  t h i s  paper f o r  achieving 

i n e q u a l i t y  c o n s t r a i n t s  on system s t e p  response i n  t h e  t i m e  domain 

wh i l e  p l a n t  parameters vary over  some given range. 

third-order  system t r a n s f e r  func t ions  are consid6red w i t h  similar 

s i n g l e  degree of freedom s t r u c t u r e s .  Criteria are presented as t o  

what cond i t ions  permit a design t o  be  achieved wi th  each s t r u c t u r e ,  

A numerical a lgo r i thm is  presented,  and implemented i n  Appendix A,  

f o r  accomplishing t h e  design with a d i g i t a l  computer. 

Second and 

P o s s i b l e  e x t e n t i o m  of t h e  work of t h i s  paper are (1) 

cons ide ra t ion  of a d d i t i o n a l  a l l  po le  third-order  s t r u c t u r e s ,  (2) 

i nco rpora t ion  of zeros  i n  t h e  t r a n s f e r . f u n c t i o n ,  and ( 3 )  e x t e n t i o n  

t o  fou r th  and h ighe r  o rde r  system. 

A minimal amount of work w a s  done during t h e  course of t h i s  

r e sea rch  with one two degree of freedom s t r u c t u r e  (101. 

s t r u c t u r e  w a s  obtained as follows: i n  Fig.  4.2,  l e t  H ( s )  = K 

This  

and pu t  a p r e f i l t e r  w i th  t r a n s f e r  func t ion  b / ( s  3- b) between t h e  

i n p u t  and t h e  summing po in t .  

r e s u l t s  i n  a third-order  a l l  po le  system t r a n s f e r  func t ion  w i t h  

It i s  e a s i l y  v e r i f i e d  t h a t  t h i s  

design parameters K and b.  The algorithin given i n  S e c t .  4 . 4  

would n o t  converge f o r  t h i s  s t r u c t u r e  us ing  a tes t  problem wi th  

known s o l u t i o n  and i n i t i a l  guesses very c l o s e  t o  t h a t  s o l u t i o n .  

S p e c i f i c  reasons why convergence was n o t  obtained w e r e  n o t  
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i n v e s t i g a t e d  i n  d e t a i l .  Convergence w a s  obtained wi th  t h e  

Raphson-Newton method us ing  i n i t i a l  guesses q u i t e  c l o s e  t o  t h e  

s o l u t i o n .  

case w i t h  t h i s  s t r u c t u r e  remains an unsolved problem. 

Obtaining i n i t i a l  guesses t h a t  converge f o r  t h e  gene ra l  

A state-of- the-ar t  summary of computer-aided design techniques 

i s  given i n  ill}. 

should be  pointed ou t .  Most computer-aided design t o  date, i n  the 

area of t r a n s f e r  func t ion  design t o  achieve some t i m e  o r  frequency 

response,  assume t h e  response s p e c i f i c a t i o n  t o  be a v e c t o r  of p o i n t s  

through which t h e  response i s  forced t o  pas s  wi th  some e r r o r  

c r i te r ia  being minimized. Such response s p e c i f i c a t i o n s  r e s u l t  i n  

Some p i t f a l l s  ev iden t  from t h e  p re sen t  work 

minimizing a continuous func t ion  of system parameters,  a p rope r ty  

which i s  n o t  i n  gene ra l  t r u e  f o r  t h e  s p e c i f i c a t i o n s  used i n  t h i s  

t reatment .  Any e x t e n t i o n  of  t h e  p r e s e n t  scheme which r e s u l t s  i n  

one o r  more a d d i t i o n a l  design parameters would r e q u i r e  t h e  

d e f i n i t i o n  of an a d d i t i o n a l  t i m e  response s p e c i f i c a t i o n  f o r  each 

new design parameter i n  o r d e r  t h a t  t h e  design problem possess  a 

unique s o l u t i o n .  

t i m e ,  b u t  t h i s  func t ion  is  less well-behaved than those used so f a r .  

Thus i t  i s  i n d i c a t e d  t h a r  as t h e  number of design parameters i s  

A l o g i c a l  next  choice would s e e m  t o  be  s e t t l i n g  

inc reased ,  some o t h e r  method of s p e c i f y i n g  t h e  response should be  

sought.  

worthy 

A popular method i n  conventional design t h a t  appears 

of exp lo ra t ion  is t h e  s p e c i f i c a t i o n  of an envelope w i t h i n  

which t h e  t i m e  response must remain. It i s  clear t h a t  t h e  complexity 

a.€ t h e  problem i n c r e a s e s  g r e a t l y  as more design parameters are 

allowed. 

d 
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APPENDIX A 

' 1  
I 

1 

DIGITAL COMPUTER IMPLEMENTATION OF DESIGN SCHEME 

A . l  General Descr ipt ion 

The program used t o  accomplish t h e  second and third-order  

designs of t h i s  paper i s  l i s t e d  i n  A.4.  The program is  coded i n  

FORTRAN I V  source language and has  been executed on a Control  Data 

Corporation 6400 computer. Approximately 20,00O(octal) u n i t s  of 

s t o r a g e  are requ i r ed  on t h i s  machine. A s  s t a t e d  p rev ious ly ,  t h e  

b a s i c  t a s k  of t h e  program is  t o  s o l v e  t h e  equat ion 

f o r  t h e  second-order design and t h e  equat ions 

(A. l a )  

(A. l b )  

(A.lc) 

i n  t h e  third-order  case. The program has been t e s t e d  over  a wide 

range of problems w i t h  t h e  rise t i m e  s p e c i f i c a t i o n  being v a r i e d  

by a f a c t o r  of l o 5 .  Run t i m e s  on t h e  machine above have v a r i e d  

from 3 t o  8 seconds f o r  a combined second and third-order  design 

of a s i n g l e  system inc lud ing  source program compilation t i m e .  

A.5 shows some sample runs and inc ludes  t h e  numerical  example of 

t h e  t e x t .  

A . 2  Accuracy 

The s o l u t i o n s  computed by t h e  program c o n s i s t  of v a l u e s  of 

a ,  K ,  tr ,  and OV i n  Eqs. ( A . 1 ) .  The concept of re la t ive r a t h e r  

than abso lu te  accuracy i s  employed. The c r i te r ia  f o r  determining 

t h a t  a s o l u t i o n  has  been l o c a t e d  i n  t h e  n t h  i t e r a t i o n  i s  as 
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fol lows : 

1 

All f o u r  of t h e s e  condi t ions are r equ i r ed  t o  b e  s a t i s f i e d  i n  t h e  

th i rd -o rde r  case, w h i l e  only t h e  f i r s t  and t h i r d  apply t o  t h e  

second-order design. The va lue  trn is computed by t h e  f a l s e  pos- 

i t i o h  r o u t i n e  discussed i n  Sect .  2.4 and t h e  convergence c r i t e r i o n  

he re  is t h a t  

]Aanl < .Olan . 

o r  

i 

l t r n  - trn-1 I < . O O 1 t r s  , 

where t h e  q u a n t i t i e s  C ( t r , )  - .9 and c(trn-l) - .9 are of oppos i t e  

s ign .  I n  so lv ing  f o r  overshoot OVn t h e  f a l s e  p o s i t i o n  r o u t i n e  i s  

used t o  s o l v e  c ' ( t o >  = 0 with t h e  same accuracy c r i t e r i o n  as 

r ise t i m e .  An e x p l i c i t  bound on t h e  e r r o r  of OVn is  no t  a v a i l a b l e ,  

however, since t h e  d e r i v a t i v e  is c l o s e  t o  ze ro  a t  t o ,  t h e  func t ion  

i s  changing slowly wi th  t and t h e  technique i s  be l i eved  t o  have 

more than s u f f i c i e n t  accuracy f o r  most p r a c t i c a l  systems designs.  

Beyond t h e  d i scuss ion  above, t h e  program accuracy is  l i m i t e d  by 

t h e  capac i ty  of t h e  machine being used and/or t h e  accuracy t o  which 

rhe p l a n t  i s  determined. 

i 
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A . 3  Flow Diagram 
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The following t a b l e  relates t h e  FORTRAN v a r i a b l e  names 

t o  those of t h e  t e x t .  Variables  no t  l i s t e d  b u t  appearing i n  

t h e  program are def ined i n  t h e  program o r  t h e i r  r e l a t i o n s h i p  

t o  t h e  t e x t  i s  obvious, e.g., A = LAMBDA. 

Table A . 3 . 1  

p 1  = P, 

p 2  1 

p22 = P2, 

P21  = 

P K l  = k, 

P K 2  = k, 

CK = K 

DCK = AK 

P C  = a 

DPC = Aa 

aov DOV = - 
aa 

CT2 = c ( t )  

C T 3  = c(t) 

(second-order) 

( t h i rd -o rde r )  

P C T 3  = c' ( t )  ( third-order)  

TRS = trs 

ovs = ovs 

d 
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